The global phase diagram of a modular invariant two dimensional
  statistical model by Cristofano, G. et al.
ar
X
iv
:h
ep
-th
/0
01
10
69
v1
  9
 N
ov
 2
00
0
Napoli Preprint DSF-2000-34
The global phase diagram of a modular invariant two
dimensional statistical model 1
G. Cristofano∗†, D. Giuliano††, G. Maiella∗†
∗ Dipartimento di Scienze Fisiche, Universita` di Napoli
† INFN - Sezione di Napoli
Via Cintia - Compl. universitario M. Sant’Angelo - 80126 Napoli, Italy
†† Department of Physics, Stanford University, Stanford, California 94305
PACS numbers: 11.10.Kk; 05.70.Fh; 73.40.Hm
Keywords: Field theories in dimensions other than four; Phase transitions:
general aspects; Quantum Hall Effect
Abstract A generalization of the Coulomb Gas model with modular SL(2, Z)-
symmetry allows for a discrete infinity of phases which are characterized by the
condensation of dyonic pseudoparticles and the breaking of parity and time rever-
sal. Here we study the phase diagram of such a model by using renormalization
group techniques. Then the symmetry SL(2, Z) acting on the two-dimensional
parameter space gives us a nested shape of its global phase diagram and all the in-
frared stable fixed points. Finally we propose a connection with the 2-dimensional
Conformal Field Theory description of the Fractional Quantum Hall Effect.
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1 Introduction.
In 1982 Cardy and Rabinovici, following an original suggestion by G.
′
t Hooft
[1], have built a simple model derived by means of dimensional reduction of an
Abelian Zp lattice gauge theory in four dimensions [2, 3]. The relevant parameters
of the theory are the coupling strength g and the θ-angle. By integrating out the
gauge fields and by using the electric and magnetic current densities as dynamical
variables, the partition function of such a model is mapped onto the one of a
“generalized” or “modular invariant Coulomb Gas” (mCG). The model does
preserve both parity (P) and time-reversal (T) symmetries and so does any of
its phases, given by condensates of particles carrying both electric and magnetic
charge (dyons). Thus charges of both sign appear in the field theory associated
to each infrared (IR) fixed point.
Moreover all the phases are subjected to the “charge neutrality” constraint,
that is, the sum of the total electric and magnetic charge carried by the condensed
particles must be zero. This implies that, in each phase, the number of “particles”
must be equal to the number of “antiparticles”, as usually happens within the
condensate phases of a CG [4].
In this paper we shall use a modified version of the mCG where an uni-
form background charge is introduced [5]. In order to derive the phase dia-
gram we will perform the Renormalization Group (RG) analysis of the mod-
ified mCG. The relevant SL(2, Z) (modular) symmetry analyzed in [2, 3] is
still a symmetry of the partition function, provided one lets the transformations
act onto the uniform background as well. That imposes strong constraints onto
the global phase diagram, which acquires the characteristic nested shape [6, 7],
thus strongly suggesting an unified picture of the various phases, as well as of
the transitions between phases. Then we are able to identify a discrete infinite
set of IR stable fixed points on the θ-axis at θ/2π given by any rational number.
Each of them controls the IR physics of a region in the plane of the parameters
( θ
2π
, 1
g
) and corresponds to a condensate of dyons carrying both electric and mag-
netic charge. The background charge and the particle density do uniquely fix the
charges of the condensate.
The field theory that is supposed to describe the system close to an IR fixed
point breaks parity(P) and charge conjugation(C) (now the charges of the dyons
have all the same sign). It can be identified with a 2-dimensional(2D) Conformal
Field Theory (CFT) with central charge c = 1, described by a chiral scalar field
compactified on a circle of radius R2 = qe/qm, where qe and qm are the electric and
the magnetic charges of the dyons [8]. That is a nontrivial result which, together
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with the properties of the phase diagram, suggests the relevance of the model for
the 2D CFT description of the Fractional Quantum Hall Effect (FQHE).
The paper is organized as follows:
• In section 2 we introduce the dimensionally reduced CR model. Then we
briefly sketch its gauge formulation and focus on its equivalent description
as a SL(2, Z) (modular) invariant mCG, which is the one used for the RG
analysis;
• In section 3 we use a first-order RG calculation in order to derive the physical
properties of the nonneutral phases, identified by the condensation of dyons
;
• In section 4 we perform nonlinear RG calculations, which give us the flow
in the two parameters space ( θ
2π
,1
g
),i.e. a complex plane;
• In section 5 we get the global phase diagram by applying the RG results and
the infinite discrete SL(2, Z)-symmetry, which acts on the complex plane,
introduced in sec. 5. This enables us to find all the RG stable fixed points
and the relative domains, where each condensate is relevant;
• In section 6 we conjecture that the effective description at the IR fixed
points of our mCG is provided by a 2D chiral CFT. We briefly explore the
consequences of such an identification, particularly for what concerns its
relevance for the FQHE;
• In section 7 we provide the main conclusions and discuss open problems.
2 The CR model with a background charge density.
In this section we shall construct the nontrivial mCG by properly generalizing the
model in [2, 3]. The starting point is the mapping of the dimensionally reduced
Zp model onto the mCG. The introduction of the θ-term allows for the mCG to
have condensate dyonic phases. The fundamental issue of charge neutrality [4]
will be recovered by means of an uniform neutralizing background charge density.
The original model is defined in terms of a two parameters lattice action:
S =
1
2g
∑
(∆µφj−Sµj)
2− i
∑
njφj+ i
θ
4π
ǫµνǫij
∑
(∆µφi−Sµi)(∆νφj−Sνj) (1)
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φj, j = 3, 4, is a doublet of boson fields, nj is the “electric charge den-
sity”, the fields Sµj are defined in terms of a constraint that relates them to the
“magnetic charge distributions” mj :
∆xSy4 −∆ySx4 = m3 ; −∆xSy3 +∆ySx3 = m4 (2)
The corresponding “Boltzmann weight” in the total partition function is a
function of nj and mj and is given by:
∫ ∏
j
Dφj
∫ ∏
µj
DSµj exp [−S] δ[∆×~S4 −m3]δ[∆×~S3 +m4] (3)
Solving the constraint in eq.( 3 ) one can either derive the “gauge represen-
tation” (GR) or the mCG representation of the CR-model.
In the GR one takes as dynamical variables the fields φj and the Lagrange
multipliers, φ˜j , introduced in order to solve the constraint in eq.( 3) according to
the identity:
δ(∆xSy4 −∆ySx4 −m3) =
∫
Dφ˜3 exp[i
∑
(∆xSy4 −∆ySx4 −m3)]
and a similar one (4↔ 3) for the other constraint.
Integrating out the fields Sµj provides the action as a function of the fields
φj and φ˜j. In the θ = 0 case one obtains:
S =
g
2
∑
(∆µφ˜j)
2 + i
∑
(~∆φ4×~∆φ˜3 − ~∆φ3×~∆φ˜4) + i
∑
(njφj +mjφ˜j) (4)
Such a representation is useful in order to trace out the realization of the
mCG in terms of a 2D Conformal Field Theory as discussed, for example, in
[5]. Here we want to focus our analysis on the IR properties of the system,
which we shall analyze within the RG framework. The standard RG analysis is
usually carried out within the mCG representation [4]. Then from now on we
shall use such a representation throughout the rest of the paper. Here it is worth
to mention that the gauge invariance in the original 4-dimensional gauge theory
[2] has a remnant in the invariance of the action in eq.( 4) under a constant shift
of the fields φj, φ˜j:
φj → φj + αj ; φ˜j → φ˜j + βj
The requirement of invariance under such a symmetry determines the charge
neutrality constraints:
4
∑
nj =
∑
mj = 0
We will study solutions consistent with these constraints, where an uniform
background charge neutralizes the total charge of a condensate of particles, all
with the same charge.
At this point we must remark that, in performing the summations in eq.(
1), we have made no difference between the lattice and its dual. We are alleged
to do so because we use the lattice only in order to regularize the gauge theory
action. All the relevant RG analysis will be carried out within the framework of
the continuum CG model [4] and any distinction between the lattice and its dual
will be lost anyway.
Let us now work out the mCG formulation with a background charge. The
θ-term in eq.( 1) generates an additional “minimal coupling” that adds up to the
“minimal electric coupling” term to give:
−i
∑(
nj +
θ
2π
mj
)
φj ≡ −i
∑
qjφj
Now we choose configurations where the charge densities are given by:
nj(r) = n¯j + νj(r) ; mj(r) = m¯j + µj(r) (5)
where n¯j , m¯j are uniform solutions so that the neutrality conditions read as:
n¯jS +
∑
r
νj(r) ≡ N¯j +
∑
r
νj(r) = 0
m¯jS +
∑
r
µj(r) ≡ M¯j +
∑
r
µj(r) = 0
where S is the area of the sample.
According to the form of the charge density we have chosen, we can split
Sµj as Sµj = S¯µj + σµj , where:
ǫµνǫij∆µS¯νi = mj ; ∆µS¯µj = 0
and
ǫµνǫij∆µσνi = µj (6)
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The solutions for S¯µj are given by:
S¯µj = ǫµν∆νǫijΦj(r) (7)
where:
Φj(r) =
m¯j
4
r2
Moreover the total density of charge qj will be given by:
qj = n¯j +
θ
2π
m¯j + νj +
θ
2π
µj ≡ q¯j + ǫj (8)
Then we split also φj as follows:
φj = φ¯j + ϕj (9)
where
1
g
(∆)2φ¯j + in¯j = 0
The solutions for φ¯j are given by:
iφ¯j =
gn¯j
4
r2
After disregarding irrelevant constant terms, one obtains the total action in
terms of the fluctuating fields and charge densities:
S˜ =
1
2g
∑
(∆µϕj − σµj)
2 − i
∑
ǫjϕj +
∑
[Φj(r)µj(r) + φ¯j(r)ǫj(r)] (10)
Eq.( 10 ) is almost the same result that one would obtain for a neutral
charge distribution [2, 3]. The only difference is provided by the term:
∑
[Φj(r)µj(r) + φ¯j(r)ǫj(r)]
that describes the coupling of µj and νj to the background charge densities.
Integration over the fields ϕj is now straightforward. It yields:
S˜ = −
∑
r,r
′
[
µ3(r)µ3(r
′
) + µ4(r)µ4(r
′
)
2g
+
g
2
[ǫ3(r)ǫ3(r
′
) + ǫ4(r)ǫ4(r
′
)]
]
G(r, r
′
)+
∑
[Φj(r)µj(r) + φ¯j(r)ǫj(r)]− i
∑
rr
′
(ν3(r)µ4(r
′
)− ν4(r)µ3(r
′
))Θ(r − r
′
) (11)
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G(r, r
′
) is the longitudinal Green function of the fluctuating field ϕj. It
must be evaluated with a proper regularization. In the continuum limit it is the
usual Green function for a massless boson field in two dimensions:
G(r, r
′
) ≈ ln
∣∣∣∣∣r − r
′
a
∣∣∣∣∣
where a is a length scale that works as an UV regularizator of the theory.
The “transverse” Green function Θ(r) is defined such that:
∂µΘ(r) = ǫµν∂νG(r, r
′
) (12)
that implies:
Θ(r) = arctan
(
y
x
)
(13)
An important remark concerns the consequences of the Bohm-Aharonov
(BA) term that appears in eq.( 11). It makes the partition function ill defined,
unless the combinations ν3i µ
4
j − ν
4
jµ
3
i are integer numbers. From now on we will
make the assumption that ν3,4i and µ
3,4
i are integers [4].
Eq.( 11 ) leads us to the first relevant result of our work. We have written
down a model for interacting particles with both electric and magnetic charge.
Each dyon takes either a type-3 or a type-4 charge. Then we define the nonuni-
form part of the charge densities as a set of N particles carrying either type-3 or
type-4 charges:
µj(r) =
N∑
k=1
µjkδ(r − rk) ; ν
j(r) =
N∑
k=1
νjkδ(r − rk) , j = 3, 4 (14)
At fixed charge distribution the action will be given by [5]:
S[{νj}, {µj}] =
N∑
i 6=k=1
1
2
[
µ3iµ
3
k + µ
4
iµ
4
k
g
+ g(ǫ3i ǫ
3
k + ǫ
4
i ǫ
4
k)
]
ln
∣∣∣∣ri − rka
∣∣∣∣
− i
∑
i 6=k
(ν3i µ
4
k − ν
4
kµ
3
i )φ(ri − rk)−
1
4
∑
i
(
g(q¯3ǫ3i + q¯
4ǫ4i ) +
m¯µ3i + m¯µ
4
i
g
)
r2i (15)
In order to perform a RG analysis of the mCG we need the grand canonical
partition function, ZGC . From now on we will neglect the index j (we shall later
justify such an assumption). ZGC is written in terms of the “fugacities” Y (ν, µ),
given by the probability of creating a particle with charges ν, µ at fixed values of
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the parameters. In the continuum formalism the mCG partition function is given
by:
ZGC =
∑
{ν,µ}
=
∫ ∏
j
[
Y (νj , µj)
d2rj
a2
]
e−S[{ν,µ}] (16)
3 Linear RG analysis.
In this section we shall derive the RG equations at first order in the fugacities
and will use them in order to characterize the condensate phases. The widely
used RG analysis can be improved by adding higher order (nonlinear) corrections
in Y .
The (first-order) RG equations are derived by rescaling the cutoff, a →
a + da, and then by “reabsorbing” the corresponding changes in the partition
function by means of a redefinition of the fugacities [4].
If a→ a+ da, one has:
∫ ∏
j
[
Y (νj, µj)
d2rj
a2
]
e−S[{ν,µ}] →
∫ N∏
j=1
{[
Y (νj , µj)
d2rj
a2
] [
1−
da
a
(
2 +
1
2g
µj(M¯ − µj) +
g
2
ǫj(Q¯− ǫj)
)]}
e−S[{ν,µ}]+O(
(
da
a
)2
)
(17)
In eq.(17) Y (νj , µj) have to be understood as “running” fugacities, whose
dependence on a is fixed by the requirement that ZCG does not depend on a.
Accordingly, one gets the following renormalization of the fugacities:
Y (νj , µj)→ Y (νj , µj) + dY (νj , µj) (18)
with
a
dY (νj , µj)
da
= x(νj , µj)Y (νj , µj)
x(νj , µj) = 2 +
1
2g
µj(M¯ − µj) +
g
2
ǫj(Q¯− ǫj) (19)
Following [4] we assume that the set of particles that condense is defined by
the values of the charges that maximize each x(νj , µj), constrained by the global
neutrality conditions:
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∑
j
νj = −N¯ ;
∑
j
µj = −M¯
The solution is given by:
ν1 = . . . = νN ≡ ν¯ = −
N¯
N
; µ1 = . . . = µN ≡ µ¯ = −
M¯
N
(20)
and the corresponding value of the exponent is:
x(ν¯, µ¯) = 2 +
1
2g
µ¯(M¯ − µ¯) +
g
2
q¯(Q¯− q¯) ≈ 2 +
1
2g
µ¯M¯ +
g
2
q¯Q¯ (21)
where we have introduced the “generalized charges” q¯ = ν¯ + θ
2π
µ¯.
The outcome of the linearized RG analysis in the presence of a background
is that the condensate phases are given by a gas of particles carrying both electric
and magnetic charges (dyons) of the same sign and all identical, corresponding
to a breaking of both P and C. Being all the charges equal, the BA term disap-
pears and S[{µj}, {νj}] becomes the sum of two independent contributions. This
justifies our neglecting the index j and the BA-term in the RG analysis.
The breaking of the discrete symmetries P and C implies that the underlying
field theory breaks them as well, and we believe it to be related to what happens
in a chiral 2D CFT [8].
The partition function for the condensate of N dyons with charges µ¯, ν¯ is
given by:
Z∗µ¯ν¯ =
∫
d2r1
a2
. . .
d2rN
a2
exp


(
1
2g
µ¯2 +
g
2
ǫ¯2
)∑
i 6=j
ln
∣∣∣∣ri − rja
∣∣∣∣− 14
(
µ¯m¯
g
+ gq¯ǫ¯
)∑
j
r2j


(22)
4 Nonlinear RG approximation.
In this section we shall extend the analysis of section[3] by including higher order
processes that eventually lead to a renormalization of the interaction strength
between dyons.
In order to write down higher order RG equations we will perturb around
the condensate with a fluctuation given by a particle/antiparticle pair. This is
just a different way of describing the “charge annihilation” process analyzed in
[4]. The action for the condensate plus the pair is given by:
9
S = SN +∆S
where SN is the action for the unperturbed condensate and:
∆S =
(
µ2P
2g
+
g
2
ǫ2P
)
ln
∣∣∣∣R+ −R−a
∣∣∣∣−
N∑
j=1
(
µP µ¯
2g
+
g
2
ǫP q¯
){
ln
∣∣∣∣R+ − rja
∣∣∣∣−ln
∣∣∣∣R− − rja
∣∣∣∣
}
(23)
Notice that we have neglected the BA-term; infact we shall prove that µP , νP
must be equal to µ¯, ν¯, which justifies that. R+ and R− are the coordinates of the
particle and of the antiparticle, respectively, ±µP and ±ǫP are the charges of the
two particles in the pair.
In order to find the correction to the coupling constant, we must sum over
all configurations with a < |R+ − R−| < a+ da. Following [4], we define:
R+ = R +
s
2
; R− = R−
s
2
At second order in s we have:
∆S =
(
µ2P
2g
+
g
2
ǫ2P
)
ln
∣∣∣∣sa
∣∣∣∣+12
[
µP m¯
g
+
g
2
ǫP n¯
]
s·R−
∑
j
(
µ¯µP
2g
+
g
2
q¯ǫP
)
s·
(R− rj)
|R− rj |2
(24)
Summing over the relevant range of values of s, we get the following contri-
bution to the N -particle condensate partition function:
∫
d2R
a2
∫
a<|s|<a+da
d2s
a2
|s|
−
(
µ2
P
2g
+ g
2
ǫ2
P
)
exp
{
s·
∂
∂R
ψ(R)
}
Y (µP , νP )Y (−µP ,−νP )
(25)
where the function ψ is given by:
ψ(R) = −
(
µ¯µP
2g
+
g
2
q¯ǫP
)∑
j
ln
∣∣∣∣R − rja
∣∣∣∣+ 14
[
µP m¯
2g
+
g
2
ǫP q¯
]
R2
Let us define y2µP ,νP ≡ Y (µP , ν)Y (−µP ,−νP ). The linear RG equation for
y2νP ,νP is:
dy2µP ,νP
d ln a
= 2
[
2−
µ2P
2g
−
g
2
ν2P
]
y2µP ,νP (26)
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Then the operator yµP ,νP is relevant for
2−
µ2P
2g
−
g
2
(
νP +
θ
π
µP
)
> 0 (27)
Eq.( 27), together with the SL(2, Z)-symmetry of the model (see next sec-
tion), allows us to determine the global phase diagram. For example we shall see
that shifting θ
2π
by -1 is equivalent to shifting νP to νP + µP and N¯ to N¯ + M¯ .
The important consequence of the discrete symmetry is the map between regions
of parameter space corresponding to different condensate phases, one onto the
other. This generates the global phase diagram that is quite similar to the one
derived in [3] (see Fig.1). However the background does definitely modify the
RG flow, as we will see later.
Eq.( 25 ) may be expanded at second order in s. The result is:
const−
π
2
y2
da
a
∫
d2Rψ(r)∇2ψ(r) =
const−
π
2
y2
da
a
(
µP µ¯
2g
+
g
2
ǫP q¯
)
N∑
i 6=j=1
ln
∣∣∣∣ri − rja
∣∣∣∣+ π2 y2
1
2
da
a
(
µP m¯
2g
+
g
2
νP n¯
)
N∑
j=1
r2j
(28)
Eq.( 28 ) corresponds to a renormalization in the coupling constant:
α2µ¯ν¯ =
µ¯2
g2
+ gq¯2
In fact, by summing over all the possible fluctuations, one obtains:
dα2µ¯ν¯ = −
∑
νP ,µP
π
2
y2µP ,νP
da
a
(
µP µ¯
2g
+
g
2
ǫP q¯
)2
(29)
With our choice of the parameters only one of the y2µP νP is relevant. Con-
sistency with the linear RG analysis shows that the relevant one is yµ¯ν¯ . Then we
can approximate the right hand side of eq.( 28) as:
dαµ¯ν¯
d ln a
= −
π
2
y2µ¯ν¯(αµ¯ν¯)
2 (30)
The solution of eq.( 30)is given by:
1
αµ¯,ν¯(a)
−
1
αµ¯,ν¯(a0)
=
π
2
∫ a
a0
da
a
y2µ¯,ν¯ (31)
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At very large scales we find the values of the interaction strength corre-
sponding to the IR fixed point of the system. The fixed point strength is given
by:
lim
a→∞
αµ¯,ν¯(a) = 0 (32)
Since αµ¯,ν¯ is a nonnegative definite function, eq.( 32 ) is satisfied if, and
only if:
lim
a→∞
1
g(a)
= 0 ; lim
a→∞
θ
2π
(a) = −
ν¯
µ¯
(33)
Eq.( 33 ) tells us what the IR fixed points of the model are in the plane ( θ
2π
,
1
g
), precisely they all lie on the real axis at θ
2π
equal to any rational number. Such
a result is deeply related to the properties of the group SL(2, Z). Infact all the
RG fixed points of the mCG are SL(2, Z)-fixed points too. Then it is possible
to generate the manifold of all these points by letting SL(2, Z) act on anyone of
them, and consequently the local RG flow is mapped also onto the flow around
any other fixed point.
5 Discrete symmetries and global phase diagram.
In the previous sections we have employed RG equations in order to find in-
formations about the condensate phases of the system. The RG approach only
provides local informations on the phase diagram. Instead its global properties
are a consequence of the discrete group SL(2, Z)(the modular group), which is a
symmetry of the model.
Introducing the complex variable ζ = θ
2π
+ i1
g
, the group SL(2, Z) acts as:
ζ →
Aζ +B
Cζ +D
(34)
where:
M ≡
(
A B
C D
)
is a matrix whose entries are relative integers and whose determinant is one.
It is well known [9] that the full group is generated by repeated application of
the following two transformations:
• Translations
T : ζ → ζ + 1;
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• Inversions
S : ζ → −1/ζ
The action of SL(2, Z) on the mCG is defined both on the parameter space
and on the charge distributions as follows:
ζ → ζ + 1 ; µ→ µ ; ν → ν + µ ; M¯ → M¯ ; N¯ → N¯ + M¯
ζ → −
1
ζ
; µ→ −ν ; ν → µ ; M¯ → −N¯ ; N¯ → M¯ (35)
i.e., they act simultaneously on the complex parameter space and on the
background, which fixes also the dyon charges.
Nonlinear RG analysis provides us with the relevance condition for y2µ¯ν¯ ,
eq.(27 ). Such a condition determines a domain in the
(
θ
2π
, 1
g
)
-plane we shall
refer to as the “relevance domain” for the dyon condensate of charges µ¯, ν¯. It is
appropriate to notice that the dyonic phases with θ
2π
6= 0 realize in 2D the t’Hooft
confined phases [1].
Using the full SL(2, Z)-symmetry, as defined in eq.(35), one can gener-
ate the regions of attraction for all possible condensates, which do not overlap.
The phase boundaries are “semicircle” mapped one onto the other by SL(2, Z)-
transformations. Therefore we have uniquely determined the phase diagram and
its boundaries, which cover all the upper right complex plane (see Fig.1). We
should notice that the modular group should also help in deriving the full beta-
function in whole the upper complex plane in terms of modular forms (see [15]
for an attempt).
6 The critical theory for the fixed points: relation to
FQHE.
In this section we make clear our main conjecture about the field theory descrip-
tion of the attractive fixed points.
To derive the critical theory from the general CG model is a difficult task.
Still one can try to guess it and check its consistency with the general description
in terms of a mCG. In the following we propose such a field theory, at the IR
fixed points, as the 2D CFT description [8] of the QH condensates at Laughlin’s
fillings and can eventually be generalized at least for Jain’s fillings [14].
As it has been seen, all the phases break P and C and they correspond to
a Coulomb Gas with an uniform classical background. The regions of attraction
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are determined by the value of the background charge densities and are related
one to the other by SL(2, Z)-transformations. This determines a “hierarchy”, so
that the relevance domains“shrink” as one goes deeper into the hierarchy level
(see Fig.1). Finally the charge ratios for the condensate are in agreement with
the interpretation in terms of quasiparticles with fractional charge [13]. Then, we
hypothesize that, at the IR stable fixed points, the correct field theory limit of
our model is given by a chiral CFT with central charge c = 1, described in terms
of a compactified scalar field with radius given by R2 = 2p+ 1. In such a theory,
the conformal blocks correspond to the vertex operators:
: eiαlφ(z) : ; αl =
l
R
; l = 1 . . . 2p+ 1
The momentum lattice {p/R} and the weight lattice {R2w} describe the
eletric and the magnetic charge of “anyons”, respectively. When l = 2p + 1 we
get the “electron” operator. Such a theory has been successfully employed in the
description of the FQHE plateaux at filling ν = 1/(2p + 1) [8]. In conclusion it
seems appropriate to us to identify the field-theoretical description of the IR fixed
point with θ
2π
= − ν¯
µ¯
with one of the CFT described above at the proper value of
R.
By acting with SL(2, Z) on a single IR fixed point one generates all the
others, thus strengthening the idea of an unified description of all the IR fixed
points (and the Hall plateaus we identify with them). Previous work on this
subject [5, 12] seems to strongly support such an identification, too.
On the other hand the mGG, here presented, is directly connected with
Laughlin plasma description [13]. Infact it is well kwown that the square modulus
of the ground state wavefunction of a QH-condensate at filling 1/(2p+1) is given
by:
|Ψ(z1, . . . , zNe)|
2 =
Ne∏
i<j=1
|zi − zj |
2(2p+1)e
− 1
2
∑Ne
j=1
|zj |2 (36)
It is evident that eq.(36) is exactly the partition function in eq.(22) for a
dyonic condensate whose electric-to-magnetic charge ratio, given by − θ∗
2π
, is equal
to 1/(2p+ 1).
So we can be confident on the correctness of such a guess, which should be
thoroughly studied.
14
7 Conclusion and perspectives.
In this paper we have discussed a modified version of the CR mCG. The presence
of the background term in such a generalized CG model allows for some new
properties:
1. Getting non-neutral condensate phases, related by SL(2, Z) as its attractive
fixed points. They are rational points on the θ
2π
-axis (see Fig.1). The related
condensate is made out of dyons with electric charge ν¯ and magnetic charge
µ¯, such that θ∗
2π
= − ν¯
µ¯
.
2. Driving the RG flow of the system by means of tunable external parameters,
given by the electric (magnetic) background densities N¯(M¯);
3. Defining the global phase diagram by means of the SL(2, Z)-symmetry;
A possible field theory for the attractive fixed points has been proposed as
a chiral CFT, at least for the simple case θ∗
2π
= 1
2p+1
. Then the mCG seems to be
consistent with the physics of the FQHE. In this framework the identification of
the parameters 1
g
and θ
2π
as the longitudinal and the Hall conductance, respec-
tively, appears natural. However the denominator of θ∗
2π
, µ¯, is not constrained
to be odd, as it should be. This is related to the wrong choice of the discrete
symmetry group, the right one being the group Γ(2) discussed in [10, 11]. Any-
way the relation of the present model with the FQHE physics deserves further
work. We look forward to completing the analysis of the global phase diagram
in particular of the unstable fixed points, which describe the transition between
two different fillings. The modular invariance should imply, in our opinion, the
(super) universality of the transition, advocated by experimental [16] and theo-
retical work [laws of corresponding states [17]]. As a final remark we point out
the possible role of such a model in the study of non-commutative gauge theories.
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